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- Abstract: The author studied about fuzzy G-modules and fuzzy representations in[8]
. and fuzzy injectivity in [9]. Cartan and Eilemberg introduced the notion of projectivity
. of modules in [3]. As a continuation of [8] and [9], here the concept fuzzy G-module
' projectivity is introduced and analysed.

I.Introduction

The fuzzy set theory was introduced by LA.Zadeh(l] in 1965.
There were several attempts to fuzzify various mathematical structures. The
fuzzification of algebraic structures was initiated by Rosenfield[2]. He
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ntroduced  the notions of fuzzy subgroupoids and fuzzy subgrougs ag
obtained their basic properties,

In the paper (6], Mac Lane formulated the projective and
injective lifting properties for the category of abelian groups. ( harles 4
Weibel |7) describes free and divisible abelian groups respectively. But he
did not come 1o the notion of projective modules because he did not appls
these lifting properties o categories of modules, Cartan and Filemtery
troduced the notion of projectivity of modules in 3.1 he author studied
about fuzzy G-modules and fuzzy representations in 4] and fuzzy
injectivity in (9], As a continuation of (%) and [9], here the concept fuzzy (-
module projectivity is introduced and analysed.

2. Preliminaries

The terms and notations used in this paper are cither standard or are
explained as and when they first appear.

3.1 Definition. A G-module M is projective if for any G-module M* and
any Gsubmodule N of M*, any homomorphism ¢ : M —» M*/ N can be

lifted 10 a homomorphism w: M —» M* That is, noy = @, where n = M* —
M* /1 is the natural homomorphism.

2.2 Kxample. 1et G C-10) and M = C. Then M is a G-module. Since G

({0}, except the ze10 (;-submodules, no proper subset of C becomes a G
module 1f M* s any other (;-module, then M* is anyone of the following
(1y M*~ {0}, (1) M* ("(n~lyorM* is a G-submodule of C" . (11
Mo 1 peow) or M* 15 a G-submodule of I¥: (iv) M* = Space of all
functions from any set S into C; (V) M* « Space of polynomial functions
aver the field C, (vi) M* = Bpace of all m x n matrices over the field ( Let
Hobe any O submodule of M* and let ¢ <M »M?*/N be a homomorphism

() Hege B M* 10}, and so the homomorphism 0 =y M > M* ifls .
(1) Since €7 in on dimensional, Dim N m < Dim M* t < n Let
TR (1, ) e biasis for Nosud hothat (o0, O ) (tSn)isa
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basis for M*. Then {atm++N,0tms2+N.......... ,+N} 1s a basis for M*/N.
Then y : M — M* defined by
t t
Yy (m) = i=n§-1 Ci o, where @(m) = sz;i ¢i (aitN)

1s @ homomorphism and it lifts the homomorphism ¢. For let n : M* —
M*/N be the projecton map.Then

mey(m) = 7 (Wt(m))

= Tt(t mz;’-] Ci O )
- mzﬂci (o +N)

= @ (m)

Therefore ey = @, so y lifts the homomorphism . (iii) follows from (ii).
(iv) Here M* = M, @ M,, where M, is the G-submodule of M of all odd
functions and M, is the G-submodule of M of all even functions. Then as in
(i1), there exits a homomorphism y :M — M*, which lifts ¢. (v) Follws
from (iv). (vi) Since M* is an mn-dimensioal vectorspace over C, as in (ii),
there exits a homomorphism y : M — M*  which lifts ¢ . Therefore in any
case, the homomorphism ¢ can be lifted to a homomorphism y : M — M*.
Therefore M is projective. [J

2.3. Definition. Let M, M* be G-modules. Then M is M*- projective if for
any G-submodule N of M*, any homomorphism ¢ : M — M*/ N can be
lifted to a homomorphism y :M — M*.

2.4. Example. As in example 2.2, let G=C —{0} and M =C. Let M* = C"

(n >1). Then M and M* are G-modules . Let N be any G-submodule of M*.
Then from (ii) of example2.2, M is M*- projective.

& 6
2.5. Definition: A sequence of G-modules M, > M; - M; —» ...
consists of an ordered family of G-modules MM, Msj,.......... with G-

module homomorphisms 6;: M; 5>M,, 6, : My;—>M;, etc. For 1 >1, we say
that the sequence is exact at Mi if the image 6,.; coincides with the kernel of
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0;. That 1s, 0;4 (M,]) = Ker(()i).

2.8. Example. Let G={1,-1}.Consider the G-modules M; = {0}, M, = C, M

0 /) 0
= R. My = {0} over R. Consider the sequence M; > M; - M3 - M,

with homomorphisms 0,(0)=0, 0,(x+y)=x+y, (x+iyeM,), 03(x)=0, (xeM;),
Then the above sequence is exact at M3 because 02(M;) = M3 = Ker 03 [J

“ 3 .
2.7. Definition. An exact sequence {0} > M —»> N — {Q} splits if there
exits a homomorphism v: N—5M such that pev =1, the identity map on N.

2.8. Example. The sequence in the example 2.8. splits because the map v :

M3 — M, defined by v (x)=x+i0 (x € M3) is a homomorphism and 6,°v =1,
the identity map on M3. O

2.9. Proposition. Letr M and M* be G-modules such that M is M*-
projective. Then any epimorphism f : M* — M splits.

Proof. Let N =ker.f. Then N is a G-submodule of M* and f : M* — M is
an onto homomorphism with kernel N , and hence M* / N ~M.Let M-

M* /N be the isomorphism. Since M is M*-projective, ¢ can be lifted to a
homomorphism y : M — M*

‘Therefore » a homomorphism y : M — M*
such that f « y = I, identity on M. Hence the epimorphism f : M* - M
SplilS. O

2.10. Proposition. Let M and M* be G-modules such that M is M*-
projective. Let N be any G-submodule of M*. Then M is N -projective and
M is M*/ N -projective.

Proof. Firstto prove M is N -projective.Let Y be any G-submodule of N
and @ M — N/'Y be a homomorphism. Let ¢ N/Y — M* /Y be the
inclusion homomorphism. Since M is M* -projective,

> a homomorphism
VoM MY which lifts @ « g1 e moy = @+ @, where m: M* > M*/ y i

the projection map. Let m; = nN. Since ¢, is the inclusion homomorphism
» a4 homomorphism w, © M — N such that ey = @. lherefore M is N -
projective. Now 1o prove M i1s M*/N ~»pl‘0_i€¢li\'t‘. Let Y/N be any G-
submodule of M*/N and let M »M*/N)(Y /N) > M* Y be a
homomorphism. Consider the projections 7 : M* > M*/Y and n'* M*—»
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M*/N . Since f : M — M*/Y is a homomorphism and M is M*-projective,
the homomorphism f can be lifted to a homomorphism g : M — M* _ ie, neg
= f. Then the map n'sg : M - M*/ N is a homomorphism and the
homomorphism f can be lifted to n'sg because 1" « (n'sg)= f, where 1": M*/
N — (M*/N)/(Y/N) be the projection map. Therefore M is M*/N -
projective. [J

2.11. Proposition. A4 direct sum M = 619 M; is M* -projective if and only if
M, is M* -projective, where M, M, M* are all G-modules.

n
Proof. (=) Assume thatM = G?Mi is M*-projective. Let i : M — M; (1 <

i < n) be the projection map. Let N be any G-submodule of M* and ¢; : M;
— M*/N be a homomorphism. Then ¢pem : M — M*N is a
homomorphism. Since M is M*-projectivite, ¢i*m; can be lifted to a
homomorphism y : M — M* .ie, n * y = ¢, * ;, where n : M* - M* /N is
the projection. Then y; = y/M; : M; - M* is a homomorphism and it lifts
the homomorphism ¢; because ney; = @;. Therefore M; is M*-projective.

n

(<) Suppose M; is M*-projective and M = GIB M. Let N be any G-
submodule of M* and ¢ : M — M*/N be any homomorphism. Let ¢; : M; —>
M ( 1£1 £ n) be the inclusion homomorphism.Then @+@;:Mi—>M*/N is a
homomorphism. Since M; is M*-projective, @*¢; can be lifted to a
homomorphism y; : M — M*. ie, ney; = @*@;, where m : M* - M*/N is the
projection. Let y; = yi/M; for all i. Then y:M — M* is a homomorphism
and ney = @. Therefore M is M*-projective. [
2.12. Proposition. Let M, M; ( 1<i <n) be G-modules. Then M is Q;M,-
projective if and only if M is M;-projective for all i.
Proof. (=) This part follows from Proposition 2.12. ]

(<)  Suppose M is M;-projective, for all i and let M* = 6? M;. To

prove M is M*-projective. Let N be any G-submodule of M* and ¢:M —
M*/N be any homomorphism. For meM, ¢(m) = Zm;'+ N ; m/eM;. Ifalso
o(m)=3n;'+ N ; n/eM, Then T (m; -n;') € N. Therefore m;' - n/ e N M,
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(1 <i <n). In otherwords, ¢(m) determines mj’ modulo M; " N So ? gives

the map @,; M = M{/(MinN) by @i(m) = m;' +( Mj m N). Since M; n N ;g )

G-submodule of M; and M is Mj-projective, for all i, @i (1 <i < n) can b,

lifted to a homomorphism i : M — M;. Put all these y; (1 <i<n) together,
n

we get y:M - &M, =M*, which is well defined because ¢(m) =X m, + N
only finitely many mj's are non-zero. Also the map y:M—->M* lifts ¢

n
because ; lifts @; f or all i. Therefore M is M* = Gi)Mi-projective. 0

2.13. Definition. A G-module M is quasi-projective if M is M-projective.

2.14. Example. Inexample 2.4,ifG={1,-1,i,-1 } and M =M* =C, then
M is quasi-projective. 0

2.15. Definition. Two G-modules M and M* are said to be relatively
projective if M is M*-projective and M* is M-projective.

3. Projectivity and Quasi-projectivity of Fuzzy G-modules.

3.1. Definition. Let M and M* be G-modules. Let p and v be fuzzy G-
modules on M and M* respectively. Then p is v-projective if (i) M is M*-
projective and (ii) p(m) < v (y (m)), for all y € Hom (M,M*)

3.2. Example. In example 2.4, if G ={L,i,-1,-i} we have M = C is M*=C'
-projective. Define p: M— [0, 1] by

px) = 1, ifx=0
N ifx#0
Thenpis atuzzy G-module on M. Define v : M* — [0,1] by
vix) = 1, if x =0
A, if x =0

Then vas a tuzzy Gomodule on M*. Also p(m) < v(y(m)), for all ye Hom
(M.M* ). Theretore IS vV - l’“)jCCl‘lVL‘. B
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3.3. Proposition. Let M be a G-module and N be a G-submodule of M. If M
has a fuzzy G-module, then both G-submodules N and M/N has fuzzy G-
modules .

Proof. Follows form Proposition 3.4 of [9]. [

3.4. Proposition. Ler M and M* be G-submodules such that M* is finite
dimensional and M is M*-projective. Let B = {1,/ ... ...... B} be a basis for
M* Let u and v be fuzzy G-modules on M and M* respectively. If p(m) <7}
v( B) for all m € M, then p is v-projective.

Proof. Let y € Hom(M,M*). Then for any meM, y (m) € M*. So y (m) =

¢ Prtea Pat...... +¢q Bn , where ci's are scalars.
v (y (m)) = v (¢ Biteafot ...... +cn Bn) 25 V( Bj) (1)
Giventhat 4§ v(Bj)=p(m),meM. )

From (1) and 2), p (m) < v (y (m)) ,Vm € M and y € Hom(M,M*).
Therefore p is v -projective. 0

3.5. Proposition. Let M and M* be G-modules and u,v be fuzzy G-modules
on M and M* respectively such that u is v -projective. If N is a G-
submodule of M* and v' is any fuzzy G-module on N, then u is v'-projective
if v' exceeds v on N.

Proof. Given p is v-projective. Then (i) M is M*-projective and (ii) p (m)
<v (y (m)), VmeM and yeHom(M,M*). Since M is M*-projective and N
‘s a G-submodule of M*, from Proposition 2.10, M is N-projective. Let
oeHom(M,N) and n : N-> M* be the inclusion homomorphism. Then ne+@
- yeHom(M,M*) and so from (ii),

p (m) < v (n(¢(m))), m e M
p(m)<v(p(m)),meMandoe Hom(M,N) (D
Since o (m) € N, we have v( @ (m)) < V'( ¢(m)). Then (1) becomes
i (m) < v'(¢(m)), vmeM and @eHom(M,N).

Therefore pis v'-projective. [
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3.6. Remark. If p is any fuzzy G-module on a G-module M, thep for
re[0,1], ue M — [0,1] defined by

u(m) = rep(m), Vme M
is a fuzzy G-module on M and p exceeds p, for all re [0,1]. O

3.7. Proposition. Let 1 and v be the fuzzy G-modules on the G-modules M
and M* respectively. If uis v,-projective (Vi € [0,1] ) then y is v-projective
and the converse hold if v, exceeds .

Proof. (=) Assume p is v; -projective. Then (i) M is tM* = M*.
projective. and (ii) p (m) < v y (m)), m € M and y € Hom(M,M*). Since
Vv exceeds vy, for all re[0,1], from (ii) we have u(m) < v(m) , VmeM and
veHom(M,M*). Therefore p is v-projective.

(&)  Assume p is v-projective. We have v exceeds v,, for all
re[0.1]. and also it is given that v, exceeds p, so v exceeds p. Therefore
n(m)sv(y(m)), vmeM and yeHom(M,M*) . Therefore p is v,-projective.”

3.8.Definition. A fuzzy G-module p on a G-module M is quasi-projective
if u is p-projective.

3.9. Example. Let G= {1,-1} and M =R. Then M is a G-module over R .
Also, M is M-projective.

Define p:M —[0,1] by
pum) =1, ifm=0
=%, ifm#0

Then p is a fuzzy G-module on M and p(m) < p(y(m)), for all
weHom(M,M). Therefore p is quasi-projective. [

4. Some More Theorems

4.1.Theorem. Let M= c?.,\l,, where M,’s are G-submodules of the G-module

M Let u be a fuzzy G-module on M and vi's be fuzzy G-modules on M,

v
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n
such that v = EIB V..

Then u is v —projective if and only if u is Vvi-projective,
for all i

Proof: (=) Assume p is v-projective. Then (i) M is M = Mi-projective.
and (i) H(“}) < v(y(m)) , VyeHom(M,M). From (i) and proposition 2.12,
we have M is Mi-projective for all i. Let ¢€ Hom(M,M;) and n: M; - M be

the inclusion homomorphism. Then Y =nm*¢: M — M is a homomorphism
and from (i1),

K (m) < v(y (m)) = v (n(p(m)) = v ( p(m)), YmeM (1)
Since ¢ € Hom(M,M;), ¢(m) e M;, and
¢(m) = 0+0+........ +o(m)+.......... +0
vV (p(m)) = vi(O)". ... A vi (p(m))) ~ ...~ vp(0)
= Vi(e(m))

Hence (1) implies p (m) < vi(¢ (m)), VmeM and ¢eHom(M,M;). Therefore
K is vi-projective for all i.

(<) Assume p is vj-projective for all i. Then (a) M is M;-
projective and (b) p(m) < vi(p(m)) for all peHom(M,M;). From (a) and

from the proposition 2.12, M is M = G?M.--projective. Let yeHom(M,M).

Then y(m)eM, VmeM. So y(m) = m; +mp+ ...... +m,, m;e Mi. 'Let i : M
— M be the projection map (1< i < n), then m;(y(m)) = m; ,for all i. Then

y(m) = m(m))+m(y(m)) +......... +a(y(m))
Let @i = m; * y. Then ¢; € Hom(M,M;). Then

ym) = @(m)+ @am)t....+ @n(m)
From ('b), u(m) < vi( gi(m)), meM and forall i. < A {vi(@i(m))}
From (2), v(iy(m)) = A vi(pi(m))}
Therefore p(m) < v(y(m)), meM and yeHom(M,M); and hence

M is v-projective. [
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4.2.Corollory. Let M = éMi- where Mi's are G-submodules of the G-

module M. Let v's are fuzzy G-modules on M; such that v = @ Vi. Then v jg
quasi-projective if and only if v is vi-projective, for all i.
Proof. Obtained by replacing p in theorem 4.1 by v. [

We proceed to give below some results regarding fuzzy
projectivity; omitting their proofs.

n
4.3. Theorem. Let M;’s are fuzzy G-modules. Then the direct sum @M, is
quasi-projective if and only if M, is M;-projective (1 <i, j <n). []

4.4.Corollory. Let M be a G-module For a
M®&..&M(n copies) is quasi
projective. []

4.5. Theorem. Let M = M, @ M, where M, and M, are G-submodules of
M. Let v/'s are fuzzy G-modules on M, (1 <i <2) such thatv = v | @v>. Then
v is quasi-projective if and only if v, is vi-projective Vije{l2). 0

positive integer n, M =M @
-projective if and only if M is quasi-

4.6.Theorem. Let M = ? M, where M/'s are G-submodules of the G-

module M. Let v/'s be fuzzy G-modules on M, (1 <i <n) such that V=

n
P
Then v is quasi-projective if and only if v, is vi-projective, Vije{l,2, ... n

4.7.Theorem. Let M = @ M; and M* = @N,, be G-modules, where M's are

G-submodules of M and Ni's are G-submodules of M*. Then both M and )+
are relatively projective and relatively injective. Jf M and v be fuzzy G-
modules on M and M* respectively, then y is v-injective if and only if v is p-
projective. [

4.8.Theorem. et M = ?M, where M,'s are G-submodules of M. Then M
Is quasi-injective and quasi

-projective. If u is any Juzzy G-module on M
then w is quasi-injectiy

e if and only if y is quasi-projective. [

4.9.Corollory. Any finite dimensional G-module has q fuzzy G-module
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which is both quasi injective and quasi-projective. [

4.10.Example. Let G=(Z,x,),where p is prime, be the group of
multiplication modulo p. Consider the field F = (Z,, +p, xp). Let M = F( V2)
= { a+b\2 / a,beF}, where + denote +, (addition modulo p).Then M is a
vector space over F. Let geG and m= a+b\12 e M. Define g.m = g.( a+b\2)
=(gxpa)t(gxph) \2, where + denote +p. Then gme M and satisfies

(1) g.(mi+m,) = gm;+gm,;

(i)  (gg)m=g(g (m))

(iiil) l.m=m,forallmmm,eMé&gg G

Therefore M is a G-module . Let M* = F> = { (a,b)/a,b e F}. Letg € G,
= (a,b) € M*. Define g.m* = g.(a,b) = (g Xp a, g Xp b) € M*. Then M*

also is a G-module . Also M = F.1 @ Fy2 and M* = Fg; ® Fe,, where

£1=(1,0) and €,=(0,1). Then we can show that M and M* are relatively
projective and relatively injective. Define p : M — [0, 1] by

n(x)=1,if x = a+b\2 =0
=%, ifb=0& a#0
=%,ifb#0
Then p is a fuzzy G-module on M. Define v: M* — [0,1] by
v (m*) =Y, if m* =0,
=Y, ifm*#0

Then v is a fuzzy G-module on M*. Also v (m*) < (1) ™ p (V2) for all
m*eM*. Hence by proposition 3.5, v is p- projective and so by theorem
4.7, pis v -injective. U
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